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MINIMAL LATTICE-SUBSPACES

IOANNIS A. POLYRAKIS

ABSTRACT. In this paper the existence of minimal lattice-subspaces of a vector
lattice E containing a subset B of E4 is studied (a lattice-subspace of E is a
subspace of E which is a vector lattice in the induced ordering). It is proved
that if there exists a Lebesgue linear topology 7 on E and E4 is 7-closed
(especially if E is a Banach lattice with order continuous norm), then minimal
lattice-subspaces with 7-closed positive cone exist (Theorem 2.5).

In the sequel it is supposed that B = {z1,x2,...,Zn} is a finite subset
of C4 (), where Q is a compact, Hausdorff topological space, the functions
x; are linearly independent and the existence of finite-dimensional minimal
lattice-subspaces is studied. To this end we define the function 3(t) = %
where 7(t) = (z1(t), z2(t),... ,zn(t)). If R(B) is the range of 3 and K the
convex hull of the closure of R(3), it is proved:

(i) There exists an m-dimensional minimal lattice-subspace containing B if
and only if K is a polytope of R™ with m vertices (Theorem 3.20).
(ii) The sublattice generated by B is an m-dimensional subspace if and only
if the set R((3) contains exactly m points (Theorem 3.7).
This study defines an algorithm which determines whether a finite-dimensional
minimal lattice-subspace (sublattice) exists and also determines these sub-
spaces.

1. INTRODUCTION

It is known that C[0,1] is a universal Banach space in the sense that every
separable Banach space is isometric to a closed subspace of C[0,1]. In [11] it is
shown that each separable Banach lattice is order-isomorphic to a closed lattice-
subspace of C|0,1]; therefore C[0, 1] is also a universal Banach lattice. Since the
sublattices of C[0,1] are not enough for this representation, the lattice-subspaces
seems to be the right class of subspaces for studying Banach lattices.

The structure of lattice-subspaces has not been systematically studied. In [7] it
is shown that a subspace X of a vector lattice is a lattice-subspace if and only if
there exists a positive projection from the vector sublattice generated by X onto
X. In [10] and [11] the existence of positive bases in lattice-subspaces is studied. A
survey of lattice-subspaces and positive projections, as well as some new results, is
proved in [1]. In [12] the finite-dimensional lattice-subspaces of C(f2) are studied.

In the present paper the existence of minimal lattice-subspaces of a vector lattice
E which contains a subset B of E is studied. In the theory of Banach lattices (and
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4184 I. A. POLYRAKIS

in applications) we are interested in a lattice-subspace of E containing B which is
as “close” as possible to the linear subspace [B] generated by B.

Such a subspace is the sublattice S(B) generated by B (note that S(B) is the
minimum sublattice containing B and also that S(B) = [B]Y — [B]Y where [B]Y
is the set of finite supremum of the elements of [B]) but S(B) is in general a
“big” subspace which is “very far”from [B]. In Example 3.18 [B] is 3-dimensional,
S(B) is dense in C'(2) but a 4-dimensional lattice-subspace containing B exists. In
Example 3.21 it is shown that a minimum lattice-subspace containing B does not
always exist.

An important question is “how far” a minimal lattice-subspace is from [B].
Motivated by this question we study the existence of finite-dimensional minimal
lattice-subspaces. Especially we suppose that B = {x1,23,... ,2,} is a subset of
C+(£2), the vectors x; are linearly independent and we study the existence of finite-
dimensional minimal lattice-subspaces of C(€)) containing B. In the framework
of this problem we study also the question whether S(B) is a finite-dimensional
subspace.

To study this problem we define the function G(t) = ”TT((% where r(t) =

(1(t), w2(t),... ,xn(t)). This function defines a curve in the simplex A, of R’}
which we call basic curve of the functions z; and is very important for our study.

In Theorem 3.7 it is proved that S(B) is finite-dimensional if and only if the
range R(f3) of § is finite and a positive basis of S(B) is also determined. Hence we
can determine whether S(B) is finite-dimensional because it is very easy to check if
R(B) is finite or not. By the property that S(B) = [B]Y —[B]Y we cannot conclude
whether S(B) is finite-dimensional and also we cannot determine a positive basis
of S(B).

In Theorem 3.10 it is proved that if the convex hull K of the closure of R(f)
is a polytope with m vertices, then an m-dimensional minimal lattice-subspace Y
exists and a positive basis of Y is given. The determination of the basis of Y is
based on the determination of the vertices of K.

In general it is difficult to study whether K is a polytope or not and determine
its vertices. In Corollary 3.15 it is proved that if K is a polytope, 3(to) a vertex of
K and tg an interior point of a curve ¢ of €, then the derivative at to (whenever it
exists) of the restriction of 3 on ¢ is equal to zero. If for example 2 C R! and the
function 3 is defined on the whole set §2, then the partial derivatives of 3 at ty are
equal to zero whenever tg is an interior point of Q2 and the derivatives at tg of the
restriction of 5 on the parametric curves of 9(2) are equal to zero, if ¢y € 9(12).
Hence ty can be obtained as a solution of a system of equations.

This property helps us to determine a set of possible vertices of K, i.e., a subset
G of R™ which contains the vertices of K, whenever K is a polytope. After the
determination of G it is easier to study if K is a polytope or not (see Algorithm 3.17
and Example 3.18).

An interesting remark on the structure of the lattice-subspaces is also that a
minimal lattice-subspace containing B is not necessarily a subspace of S(B), Ex-
ample 3.21.

Recently lattice-subspaces have been employed in economics [2], [3].

Let E be a (partially) ordered vector space with positive cone F; and X a
subspace of E. The cone X N F; will be called the induced cone of X, and the
ordering defined in X by this cone the induced ordering. We will denote by X, the
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induced cone of X, i.e., X1 = X N F;. An ordered subspace of E is a subspace of
E ordered by the induced cone. A lattice-subspace of F is an ordered subspace of
E which is also a vector lattice (Riesz space).

Let X be a lattice-subspace of E. Then, for each z,y € X we will denote by
xVy (resp. = A y) the supremum (resp. infimum) of {x,y} in X. It is clear that

rVy<zVy and zAy<zAy

whenever xVy, Ay exist. If E is a vector lattice and xVy = zVy for any z,y € X
then X is a sublattice (Riesz subspace) of E. Let E be an ordered Banach space with
positive cone E,. A sequence {e,} is a positive basis of F if {e,} is a (Schauder)
basis of F and By = {z = > ;2 \ie; | A\; € Ry for each i}. A positive basis {e,}
of E is unique (in the sense of a positive multiple). The following result (see [1] or
[12]) is very important for the study of finite-dimensional lattice-subspaces. It can
be proved either elementary or as a partial result of the Choquet-Kentall Theorem.

Theorem 1.1. A finite-dimensional ordered vector space E is a vector lattice if
and only if E has a positive basis.

For notation and terminology not defined here we refer to [4, 6, 9].

2. MINIMAL LATTICE-SUBSPACES

Let F be a vector lattice and B C E,,B # (. Let L be the set of lattice-
subspaces of F, each of which contains B. If X € L and for any Y € L it holds:

YCX=Y=X,

then we will say that X is a minimal lattice-subspace of E containing B.

If F is a vector lattice, then the sublattice generated by B is the minimum
sublattice containing B.

As we will show later (Example 3.21) even if E = R™ a minimum lattice-subspace
of E containing B does not always exist. So we state the following question:

Problem 2.1. Does a minimal lattice subspace of E containing B exist?

Let P be a cone of a linear space F' (i.e., P is a convex subset of F, Az € P for
eachz € P and A € Ry and PN(—P) = {0}). Suppose that =,y € P. If there exists
z € P with the properties: z — z,z —y € P and for each w € P,w —z,w—y € P
imply that w — z € P, then we will say that z is the supremum of {z,y} in P and
we will denote

z = supp{z,y}.

The infimum of {z,y} in P is defined analogously. If for each z,y € P, z =
supp{z,y} exists, then infp{x, y} also exists.

If P is a cone of a linear space F and for each x,y € P the supremum of {x,y}
exists in P, then we will say that P is a lattice cone of F'.

If £ = 1 — xo where z1,29 € P, then it is easy to show that sup{z,0} =
supp{z1, 22} — 22 is the supremum of {x1,22} in X = P — P. Therefore the
following result holds.

A cone P of a vector space F' is a lattice-cone if and only if the subspace X =
P — P, ordered by the cone P, is a vector lattice.

In the next results of this paragraph we will suppose that E is a vector lattice
equipped with a linear topology 7 with the properties:
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(i) EL is 7-closed;
(ii) each increasing, order bounded net of F has a T-convergent subnet (i.e., the
topology 7 is Lebesgue).

Property (i) implies also that 7 is Hausdorff because if we suppose that x € E,
x # 0 and 0 € x + V for each open symmetric neighborhood V of zero, then
0 € —z + V; therefore x and —z belong to E; and hence x = 0, contradiction.

If the topology 7 is order continuous (i.e., each decreasing net of E with infimum
zero is T-convergent to zero) and E is Dedekind complete, then 7 satisfies (ii). If the
order intervals of E are T-compact, the statement (ii) is also satisfied (for related
results see [4, Theorem 11.13]). Hence, the weak star topology of a dual Banach
lattice and the weak topology of a Banach lattice with order continuous norm [4,
Theorem 12.9], have property (ii).

Proposition 2.2. Let (P;)icsr be a decreasing net of T-closed lattice cones of E
(i.e., P, C E4 andi = j = P; D P;). Then P =();,.; Pi is a T-closed lattice cone
of E.

icl

Proof. P is a 7-closed cone of F;. Let x,y € P. Denote by z; the supremum of
{z,y} in P;. For each ¢,j € I with ¢ < j we have P; C P; C E; therefore,

r,y<z<z;<xzr+y.

Since 7 has property (ii), there exists a 7-convergent subnet of (z;);c; which we
will still denote by (z;);cr. This net is also increasing, and let z = lim;cs 2;. Let
i € I. Then for each j € I with i < j, we have:

zj,2j —x,2; —y € P C P
Since the cone P; is 7-closed, we have that
z,z—x,z2—y € P;, foreachiel.
Therefore
z,z—x,z2—y € P.

Suppose that w € P with w — x,w —y € P. Since P C P; we have that w — z; €
P; C P, for each j € I with ¢ < j. Hence w—z € P; for each 7; therefore w—z € P.
So we have proved that z = supp{z, y}; therefore P is a lattice cone. (]

Theorem 2.3. Let P C E be a cone and let ®(P) be the set of T-closed lattice
cones of E4 each of which contains P. Then ®(P) has minimal elements.

Proof. ®(P) # () because E; € ®(P) and ®(P), ordered by the relation “2”, is a
partially ordered set. Suppose that F is a totally ordered subset of ®(P). Then by
the previous result @ = [, A is a 7-closed lattice cone of E. By Zorn’s Lemma
the theorem is true. O

Proposition 2.4. Let (X;)ic; be a decreasing net of lattice-subspaces of E with
T-closed positive cones. Let X = (),c; X3, Y =X =X, and Y, =Y NE,. Then

(i) Xy = miel Xz+
(i) Y C X, Y, = Xy and Y is a lattice-subspace of E with T-closed positive

cone.
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P’I"OOf. (l) X+ = XﬁE.ﬂ,_ = (m'LGIXl) ﬁE+ = ﬂzGIX’L-F

(11) Y:X+—X+ g X. Y+ g XﬂE+ :X+. A].SOX+ :X+_{O} g Y,
therefore X, C Y,. Hence X, = Y,. The net (X;");cs is a decreasing net of
7-closed lattice cones of . ; therefore Y, is a 7-closed lattice cone. Hence Y, is a

lattice-subspace of E. O

Theorem 2.5. Let B C E, and
I(B)={Y C E|Y is a lattice-subspace, Y, 1is T-closed and B CY}.
Then [(B) has minimal elements.

Proof. The set [(B) is nonempty because it contains E. The set {(B), ordered by
the relation “2”, is a partially ordered set. Let F be a totally ordered subset of
[(B). By the previous proposition there exists Y € I(B) such that Y C A for each
A € F. Therefore, by Zorn’s Lemma [(B) has minimal elements. O

Corollary 2.6. Let E be a Banach lattice with order continuous norm and B C
E.. Then the set of lattice-subspaces of E with (norm) closed positive cone which
contains B has minimal elements.

3. THE FINITE-DIMENSIONAL CASE IN C(9)

In this paper we shall denote by Q a compact, Hausdorff topological space and
by C(€) the Banach lattice of continuous real valued functions defined on €.

We will also denote by z1, ... ,x,, n fixed linearly independent positive elements
of C(2) and by X the subspace of C(Q) generated by x1,... ,x,, i.e.,

X = [1?1,132,--- 7'1;77.]'

In [12] necessary and sufficient conditions in order for X to be a lattice-subspace
of C(Q) are given.
In this paper we study the problem:

Problem 3.1. Does a finite-dimensional lattice-subspace (sublattice) of C() con-
taining x1, X2, ... , Ty exist?

For each x € R™ we will denote by z(7) the é-coordinate of x, by |lz|1 the
norm ||z|jy = Y_iv, |#(4)], by {e1, €2, ... ,en} the usual basis of R™ and by A,, the
simplex (base) of R, i.e.,

Ay ={x e RT | [Jz]y = 1}.

Alsoif z € R™,y € R! we shall denote by (z,y) the vector z of R™+! with 2(i) = z(i)
fori=1,2,... ,mand z(m+14) =b() for i =1,2,...,l. If Ais an m X m matrix
we shall denote by A7 the transpose and by A~! the inverse matrix of A.

Let y1,y2,--- ,yYm € C+(2). Then we will call the function v(t) = (y1(t), y2(t),

<y Ym(t)),t € Q, the curve and the function () = ﬁ,t € Q, with v(t) # 0,
the basic curve of y1,y2,... ,Ym. We will denote by D(v) the domain and by R(7)
the range of 7. It is clear that D(v) is an open subset of Q and R(v) C A,,.

In this paper we will denote by r the curve and by [ the basic curve of x1, xs, ... ,

Ty, 1.€.,

r(t) = (a:l(t),arg(t), . ,a:n(t)), teQ and p(t) =
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As usual if K is a subset of a topological space F', we shall denote by int(K) the
interior, by K the closure and by d(K) the boundary of K. Also whenever F is a
linear topological space we shall denote by co K the convex hull of K, by coK the
closure of co K and by ep(K) the set of extreme points of K.

Proposition 3.2 ([12, Proposition 2.2]). Let Y be a lattice-subspace of C(Q2) with
a positive basis {b1,ba,... ,by}. Then'Y is a sublattice of C'(Q) if and only if the
sets by H(0,4+00) = {t € Q| bi(t) > 0}, i =1,2,... ,n, are pairwise disjoint.
Theorem 3.3 ([12, Theorem 3.6]). The statements (i) and (i) are equivalent:

(i) X is a lattice-subspace of C().

(ii) There exist n linearly independent vectors Py, Pa, ..., P, of R™, belonging to
the closure of the range of B such that for each t € D(f) the vector 5(t) is a
convex combination of the vectors Py, Pa, ..., P,.

If the statement (ii) is true, A is the n X n matriz whose ith column is the vector
P; and by, ba, ... b, are the functions defined by the formula

(1) (bl,bg,... 7bn)T:A_1({E1,{,C2,... ,LUTL)T,
then {b1,ba, ... by} is a positive basis of X .

Lemma 3.4. The functions y; € C+(),i = 1,2,... ,m, are linearly independent
if and only if the space generated by the range of the basic curve v of y;, i =
1,2,...,m, is R™.

Proof. Let W be the subspace of R™ generated by R(7). Then W is also generated
by the range of the curve v of y;, i =1,2,... ,m. Let {u; =v(t;) | i =1,2,...,1}
be a basis of W. Then [ < m.

Suppose that the functions y; are linearly independent. Then

l
v(t) =Y &(t)u;, for each t € O;
i=1
therefore
l

(2) yi(t) =Y &Muw(i), j=1,2,...,m,

=1

where u;(j) is the j-coordinate of u;. For each t, the vector (£1(t),&(t), ... ,&(t))
is the unique solution of the system (2); therefore the functions &; as linear combi-
nations of the functions y; belong to C(€Q). By (2) we have also that

yieL:[glaé-?a"' 7€l]7 for ea'Chi;

therefore m < dim L <. Hence m = and W = R™.
To prove the converse, suppose that [ = m and

i Aiyi = 0.
i=1
Then

Zx\iyi(tj) =0 foreachj=1,2,...,m.
i=1
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Since the vectors v(t;), i = 1,2,...,m, are linearly independent, the system has the
unique solution A; = 0 for each 4; therefore the functions y; are linearly independent.

O
Sublattices.

Theorem 3.5. Let R(3) = {P1,Ps,...,P,}. (By the previous lemma the vec-
tors P; are linearly independent and by Theorem 3.8 X is a lattice-subspace.) Let
{b1,ba,... by} be the positive basis of X defined by (1) and let I; = by *(0,+00),
for each i.
Then the following statements hold:
(i) X is a sublattice of C(£2).
(ii) I; = B~1(P) for each i and D(B) = U}, ;-

(i) If yi;, 1 =1,2,...,m, are linearly independent elements of Xy and v is the
basic curve of y;, i = 1,2,... ,m, then there exists ® C {1,2,... ,n} such
that

(a) D7) = Ujes L,
(b) the function «y is constant on I; for each i € ®,
(¢) m <1< n, wherel is the cardinal number of R(7).

Proof. Let z = Y. | x; and B; = 871(P,), i = 1,2,... ,n. Then the sets B; are
pairwise disjoint and D(3) = |J_, B;. By (1) we have that
1 T _ T
—= (01(1), b2(1), ., ba(1)) = ATH(B()) "
z(t)
Since A= - A = I, the dot-product of the j-row of A~! and the vector P; is equal
to 1 if 4 = j and 0 whenever i # j; therefore
A1 (ﬁ(t))T = (e;)" for each t € B;,
where {e1, ea,...,e,} is the usual basis of R™. Therefore
1
% (bl(t),bQ(t), ,bn(t)) =¢; foreachte B;.
Hence for each t € B; it holds:
z(t) =b;i(t) >0 and b;(t)=0 foreachj#i.
So
B, CI; and B;NI;=0 foreachj#1.

Suppose that ¢ € I; \ B;. Since D(8) = |J;_, Bk, t € B; for exactly one j # i.
Hence I; N Bj # 0, contradiction. Hence B; = I; for each i, and by Theorem 3.2,
X is a sublattice. We have also shown the statement (ii).

The basic curve 7 is

A(t) = ﬁ (0 95(0), . 9 (D))

where y = > y;. Let

yj:ZM]Zbu j:1727"'7m'
i=1
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Then y = 37| pibi where p; = 337" | pj; for each i. Let ® = {i [ u; > 0}. Then
it is clear that

D)= I
i€d

If i € ® and t € I;, then

1

v(t) = " (11iy B2is -+ 5 fimi) = Qi

hence « is constant on I;. Therefore

R(v) ={Qi | i€ @}.
Since @ is a subset of {1,2,...,n}, we have that | < n and by Lemma 3.4, m <
l. O

Theorem 3.6. The following statements are equivalent:

(i) X is a sublattice of C(Q).

(ll) R(ﬁ) = {P13P27 7P’n.}
Proof. Let X be a sublattice of C'(2) and let {b1,ba,...,b,} be a positive basis of
X. Let T; = E?:l )\jibi' Then z = Z;-Zzl T; = Z?:l /\zbz where /\z = Z;-Zzl )\ji~
Then the sets

I =b;*0,4+0), i=1,2,...,n,
are pairwise disjoint by Proposition 3.2. Hence for each ¢t € I we have x;(t) =

Airbr () and z(t) = Apbg(t), and therefore

5() = 5

Also D(B) = U}, I because t € D(3) iff z(t) > 0 iff b;(t) > 0 for at least one i.
Hence

()\lkv)\Qka ce. 1Ank) = Pk

R(ﬂ):{PhPQv"' 7Pn}7

therefore the theorem is true. (|

Theorem 3.7. Let Z be the sublattice of C(Q) generated by x1,x2,...,x, and
let m € N. Then the statements (i) and (ii) are equivalent:

(i) dim(Z) =m.

(ii) R(B) ={P1,Ps,... ,Pn}.

If the statement (ii) is true, then Z is constructed as follows:

(a) Enumerate R(53) so that its n first vectors are linearly independent. (Such an
enumeration exists by Lemma 3.4.) Denote again by P;, i = 1,2,... ,m, the
new enumeration and let I; = 37 Y(P;), i = 1,2,... ,m.

(b) Define the functions

Ttk () = ap(@®) ||r(@)]]1, t€Q, k=1,2,...,m—n,

where ay, is the characteristic function of I, 4.
(¢) Z=lx1,22,... ,Tn, Tot1s--- L)
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Proof. Suppose that (ii) is true and the assumptions (a), (b) are satisfied. We shall
show that (c) is true. It is clear that m > n. The sets I; are open subsets of
D() because the sets {P;} are open subsets of R(3). Also D(8) = J:*, I;. Since
D(p) is an open subset of Q, the sets I; are open, nonempty subsets of Q. Also
O(I;) N I; = (. Hence O(1;) C Q\ D(f); therefore ||r(t)||1 = 0 for each ¢t € 9(I;).
This implies that the functions x,j are continuous; therefore x, ., € C(Q) for
each k.

Let v be the curve and  the basic curve of x;, i = 1,2,... ,m. Then by the
definition of x,,4+; we have that

v(t) = (r(t),0) for eacht € U I
i=1
and
u(t) = (r(t), ll7 ()1 ei_n) iftel;,i>n.
Let t € I;. Then
v(t) = (B(t),0) = (P;,0) = Q;, ifi<n
and

1
() == (B(t),ei—n) = 3 (Pj,ein) =Q;, foreachi=n+1,...,m.

Since D(y) = D(8) = U]~ I;, we have that
R(y)={Q:|i=1,2,...,m}.

The vectors Q;, i = 1,2,...,m, are linearly independent. Hence the functions
i, © =1,2,... ,m, are also linearly independent; therefore the subspace Y gener-
ated by x;, i =1,2,...,m, is an m-dimensional sublattice of C'(2) by the previous
theorem. Therefore Z C Y. Since x;, ¢ = 1,2,... ,n, are linearly independent

elements of Z; and the cardinal number of R(S3) is m, by the statement (iii) of
Theorem 3.5 we have that m < dim Z. Therefore dim Z = m; hence Z =Y.
Suppose now that the statement (i) is true. Then z;, i = 1,2,... ,n, are linearly
independent elements of Z,; therefore by Theorem 3.5, there exist a nonempty
subset ® of {1,2,...,m} and nonempty, pairwise disjoint open subsets I;, i € D,
of © such that D(8) = |J,ce fi and 3 is constant on each I;. Hence R(3) =
{Py, Py, ..., P} wherel is the cardinal number of ®. By the same theorem we have
also that n <1 < m. As we have proved before, we can construct an [-dimensional
sublattice Y of  containing x1,x2, ... ,Z,; therefore Z C Y and m < [. Hence
I = m and therefore the statement (ii) is true. |

Lattice-subspaces. A subset K of R! is a polytope if K is the convex hull of a
finite subset of R!. The extreme points of K are called vertices of K.

Theorem 3.8. Let Y be an l-dimensional lattice-subspace of C(Q2) containing x1,
X2y ... ,Xn. Suppose that {b1,ba,... b} is a positive basis of Y,

l
xTr; = E )\ijbj, i=1,2,...7n,
Jj=1

n
Uizz/\ji, i=1,2,...,l,
j=1
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® = {i|0; #0},

1
Pi:_()\liaAQia-"v)\ni)v ZE(I)?
o

K3

and K is the convexr hull of R(8). Then

(i) P, € R(B) for each i € ®.

(il) K is a polytope with vertices P;1, Pa, ... , Py, where n < m <1 and i, € @
for eachv=1,2,... ,m.
Proof. Let xp41,...,2; € Y} such that
Y =[x1,22,. -y Tny Tng1,--- Tl
Let

l
ifi:z/\ijbj, i=1,2,...,l,
j=1

l
Si:Z)\ji, 7;:172,...717
j=1

and v(t) = (z1(t),z2(t),... ,z(t)), t € Q. Then [jv(t)|: = Zli:1 sib; and the
function

u(t)
v(t) = O lo@)llx # 0,
is the basic curve of z1,x2,... ,x;. By [12, Proposition 2.3], for each i = 1,2,... 1
there exists a sequence (w;,) of Q such that
b; w . .
lim M =0, foreach j #i.
v—o0 bi(wiy)
Then
l b
oy Ak Xii
T (C ) B, 72’“;1 kabl (wiy) = 22
v—00 ||v(wil,)||1 V—00 Zk:l Sk blf Si
therefore
. 1
(3) Vliﬂgo Y(wi) = - (A1is A2iy ooy Aii) = M.

Let A be the [ x [ matrix with columns the vectors M;, ¢ = 1,2,...,l. Then
using the expansion of x; relative to the positive basis of Y we get

(4) (:Z?l,:ZZQ,... ,xl)TZA(Slbl,SQbQ,... ,Slbl)T.
Since {x1,x2,...,x;} is also a basis of Y, we have that rank A = [; therefore the
vectors M;, i = 1,2,... [, are linearly independent. Let
I
(5) V() =Y &) M;
i=1

be the expansion of v(t) relative to the basis {M;, Ma, ..., M;} of Rl. Then
T T
(V1) = A& (1), &), . a())
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and by (4) we get

(&), &), ... . &) = (5161(t), s202(1), ..., sibu(t)).

_
lo(®)]2

Hence &;(t) € Ry and 22:1 & (t) = 1. Therefore y(t) is a convex combination of
My, Ms, ..., M;. Therefore
R(F)/) C CO{Mla M27 s aMl}'
Let P(z) = (z(1),2(2),... ,z(n)), € R, be the natural projection of R’ onto R".
Then
(6) P (ﬁ Ml) =PF,;, foreachic ®.
g;

If i ¢ ®, then P(M;) = 0, because o; = 0 and therefore A\y; = 0 for each k =
1,2,...,n. Also
[v(®)]lx

PO =m0l

therefore by (5) we get

P(y(t)), foreach t € D(B) C D(v);

ZHU ||1 i
P;.

||1

Since B(t) and P; belong to the Slmplex A, of R}, we have that 3(t) is a convex
combination of the vectors P;, i € ®; hence

R(B) Cco{P; |ied}=1L

Since @ is finite, the set L is closed; hence m C L. We shall show that P; W,
for each ¢ € ®. By (3) and (6) we have that P(;—7 Y(wiv)) — P;. Since P; # 0, we
have that P(y(w;,)) # 0, for each v. Therefore r(w;,) = ||v(wi)|l1 P(y(wiv)) # 0;
hence w;, € D(B), for each v. Similarly with the proof of (3) we can show that
P; = lim 8(w;,). Hence P; € R(B); therefore K = L. Also ep(K) C {P; | i € ®}.
Hence

ep(K) = {Pi1,Pi2,... , Pim}
where i, € ® for v = 1,2,...,m; therefore
K =co{Pi1,Pa,...,Pum}-
By Lemma 3.4, the subspace generated by R((), and therefore also by K, is the

space R™. Hence ep(K) contains at least n vectors; therefore n < m <. O
Theorem 3.9 ([5, Theorem 2|). Let dy,ds,... ,dn € R' and let the polytope D =
co{dy,ds, ... ,dn}. Then there exist non-negative, real-valued continuous functions

&1,&, ... &m defined on D such thatx =Y " &(x)d; and >\, &(x) = 1, for each
zeD.

The previous result in a more general form is given also in [8].

Theorem 3.10. Let the set K = co R(3) be a polytope with vertices Py, Pa, ..., Pp,.
Suppose that the n first vertices P, P, ... , P, of K are linearly independent'. Sup-
pose also that &;, i = 1,2,... ,m, are positive continuous real-valued functions de-

fined on D(B) such that > &(t) =1 and B(t) = Y iv, &(t) Py, for eacht € D().

LA such enumeration of the vertices of K exists by Lemma 3.4.
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Let @iy 1 =1,2,...,m —n, be the functions Tyn1:(t) = Enti(t) |7(t)]]1 for each
t € D(B) and x,,14(t) =0 if t &€ D(B). Then

Y =[21,%2,... ,Zn, Tnt1s--- , Tm)
is a minimal lattice-subspace of C(Q) containing x1,xa, ... ,x, and dimY = m.

A positive basis {b1,ba, ... ,bm} of Y is given by the formula
(bi,bo, ... b))t = A7 (w1, 20, ... )T

where A is the m x m matriz with columns the vectors R;,i =1,2,... ,m, defined
below, in (8).

Proof. We shall show that Yisa lattice—subspacc of C(Q). Let v(t) = (21(t), z2(t),
T (1)), Y(t) = ToTs (t)lh and [ = m —n. Then

an—i—z ” ||1€z)
”1 Z& PzaO + H ”1 Zgn-i-z 0 ez

||1Z€z M, for each t € D(f)

v(t)

(7)

where M; are the following vectors of R™:
M; = (P;,0) fori=1,2,...,n
and
M; = (Ppyi,e;) fori=1,2,... 1.

The vectors M; are linearly independent with ||M;||; = 1 for i = 1,2,... ,n and
[M;illh = 2 for i = n+1,...,m. Hence |[v(t)||s = [|7(t)||19(t), where g(t) =
S &) | Mlly =1+ 32", 1 &(t). Therefore, by (7) we have

1 <& M;
(8) Y(t) = —= ) _&(t) [[M;]l1 Ri, where R; = :
op> Vil
Hence ~(t) is a convex combination of R;, i = 1,2,...,m. We shall show that

R; € R(v) for each i. If P; = §(¢;), then P; = Z;nzl &;(t;)P; and by our assumption
that P, is an extreme point of K, we have that &;(t;) = 1 and ;(¢;) = 0 for each
j #i. Hence by (8) we have

1
’yti:—Mi Ri:Ri.
If P, ¢ R(B), then there exists a sequence (w,) of D(3) such that
P; = lim 6(“1/)'

Then

(wl/) = Z é-j (wv) P,
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Since 0 < j(w,) < 1, there exists a subsequence of (w,), which we will denote
again by (w, ) such that

Aj = lim &(w,), foreachj=1,2,...,m.

Hence
Pi=) NP
j=1

which implies that A\; = 1 and A; = 0 for each j # i, because P; is an extreme point
of K. By (8) and the definition of g we have that

lim v(w,) = R;.

So by Theorem 3.3, Y is a lattice-subspace and a positive basis of Y is as in the
formulation of the theorem.

Suppose that Z C Y is a lattice-subspace containing z1,xs,... ,2, and let
dimZ = [. Then | < m. By Theorem 3.8 the number m of vertices of K is
less than or equal to [; therefore m = [. Hence Z =Y, therefore Y is minimal. O

Definition 3.11. Let C' be a convex subset of a normed space E. We shall say
that zo is a conic point of C if zg is an extreme point of C, C\{zo} # 0, and there
exists a real number p > 0 such that

— T

To+p € C, foreachx € C,x # xg.

x
[l = oll
Proposition 3.12. Let D be a convex subset of a normed space E and xy € F.
If? d = d(x9, D) > 0 and C = co({zo} U D), then x¢ is a conic point of C. (If D
is bounded and closed, then C is also bounded and closed.)

Proof. Let x € C,x # xy. Then z = Azg + (1 — )y, where y € D and X € [0,1].
Hence © — z¢g = (1 — A)(y — xo); therefore

[ = ol = (1 =X lly = zol| = (1 = A)d.
Also xg + I(y — x) € C for each I € [0, 1]. Therefore

R —xo+—d(1_)\) (y — xo) € C.

2o+ dm———— =
[l = ol [l = ol

To show that x is an extreme point of C' suppose that xy = % where 1,25 € C
and 1,22 # xg. Then x; = Njzg + (1 — A\;)y; with A\; € (0,1) and y; € D. Then
Ty = m (1 = A)y1 + (1 = X2)y2) € D, contradiction. Hence z is a conic
point of C. O

Example 3.13. (i) For each cone P # {0} of a normed space, 0 is a conic point
of P.

(ii) Let C be a closed, convex, bounded subset of a Banach space E and let zg be
an extreme point of C. If C' =Toep(C) (i.e., C is the closure of the convex hull of
the extreme points of C) and g ¢ D = o (ep(C) \ {zo}), then C = co({zo} U D);
therefore xq is a conic point of C.

(iii) Each vertex of a polytope C of R™ is a conic point of C.

2With d(z, D) we denote the distance from z¢ to D.



4196 I. A. POLYRAKIS

We prove below that the tangent vector of a curve of C' at a conic point of C is
equal to zero.

Proposition 3.14. Let C be a closed, convex subset of a normed space E and xg
be a conic point of C. Let ¢ : (—e,e) — C be a function with ¢(0) = x¢ where € is
a positive real number. Then

whenever the derivative ¢'(0) exists.

Proof. Let ¢/(0) = lim;_,¢ w # 0. Then there exists § > 0 such that ¢(t) #
¢(0) for each |t| < d. Hence

lim —¢(t) —¢(0) lim

o =00 1 ¢'(0)
[ B )] [ A A

745“);‘1’(0)“ EIOTK

and similarly

PO =00) _ 4(0)

=0 [l6() = @(O)| &' (O)I

Since x( is a conic point of C, there exists p > 0 such that

To+p i € C, foreachx e C,z # xy.
|z — ol
Therefore
. o(1/v) — ¢(0) ) ¢'(0)
1 0 o7l ) = o C
Jim (60 + oS T ) =0 P = ©
and
: o(=1/v) — ¢(0) ) ¢'(0)
1 0 =20 — p——_— = C.
Jim, (000 + ST ) = %0~ P = ©
Hence z¢ = (21 + 22), contradiction. Therefore ¢/(0) = 0. |

Corollary 3.15. Let the set K = co R(3) be a polytope of R™ and let B(ty) be a
verter of K. If € is a positive real number and g : (—e,€) —  is a function with
9(0) = to and $(X) = B(g(X)), then

whenever the derivative exists.

Remark 3.16. Suppose that there exists a finite-dimensional lattice-subspace of
C () containing X. Then K is a polytope of R™. Suppose that 5(tp) is a ver-
tex of K. If ¢ is a curve of € and tg an interior point of ¢, then the derivative at tg
of the restriction of 8 on the curve c is equal to zero.

If for example © C R!, then the partial derivatives of 3 at ty are equal to zero
whenever ¢y € int(Q2). If ¢y € I(Q), the derivatives at o of the restriction of 8 on
the parametrics curves of 9(f2) are equal to zero.

Algorithm 3.17. Theorem 3.10 and Corollary 3.15 define a process which in many
cases, especially when Q C R, determines whether a finite dimensional minimal
lattice-subspace exists and determines also a positive basis of these subspaces. To
study this problem we study if K is a polytope or not.
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If the set R(fB) is closed, then each extreme point (vertex) Py of K = co R(f)
belongs to R(B); therefore Py = [(tg). Also the geometry of the boundary of D(5)
and the differentiability of the functions x; are very important for this study.

Let Q = [a,b], the functions x; are differentiable and D(8) = Q. Suppose that
the set K is a polytope with vertices B(t;), i = 1,2,... ,m. Then at least m — 2 of
t; belong to (a,b); therefore the equation

9) B'(t) =0,

where B is the derivative of 3, has at least m — 2 roots in (a,b). Hence the vertices
of K belong to the set

G={B@)|[t=a,t =0, ort is a root of (9)}

which we call the set of possible vertices of K. Let D = coG. It is easy to show
that K is a polytope if and only if D is a polytope and R(B) C D.
Hence in this case the algorithm is the following:
(i) Determine equation (9). If this equation does not have at least n — 2 roots in
(a,b), then K is not a polytope.
(ii) Determine the roots t; of (9) in (a,b).
(iii) We study whether R(8) C D. So we study whether 3(t) is a convex combina-
tion of B(a), B(b), B(t;), for each i. If R(B) € D, then K is not a polytope.
(iv) Determine the wvertices of K and a positive basis of the minimal lattice-
subspace, in accordance with Theorem 3.10.

We give three examples below. In (i) it is shown that a finite-dimensional minimal
lattice-subspace does not always exist. In (ii) we consider three elements x1, x2, x3
of C(Q), where Q is a square of R%2. We show that a 4-dimensional minimal lattice-
subspace Y exists and a positive basis of Y is determined. We also remark that the
sublattice generated by the elements x; is dense in C'(£2). In (iii) the functions z;
are as in (ii), but Q is a circle of R2. It is shown that a finite-dimensional minimal
lattice-subspace does not exist. This difference between (ii) and (iii) depends on
the geometry of the boundary of (2.

Example 3.18. (i) Let Q = [0,1], #1(¢) = 1,22(t) = t,23(¢t) = t>. Then
1 ¢ ¢
st = ( ). tena,

14+t4+t2"14+t+t2" 14t +t2

is the basic curve of x1,x2,x3 and §'(t) # 0 for each ¢ € (0,1). Suppose that Y
is a finite-dimensional lattice-subspace of C({2) containing the functions z;. Then
dimY > 3, and therefore by Theorem 3.8 K is a polytope of R? with at least
three vertices, 5(t1), 3(t2), B(t3). Hence §'(t) = 0 for at least one point of (0, 1),
contradiction.

(i1) Let Q@ = [0,1] x [0,1], z1(u,v) = 1, z2(u,v) = u, z3(u,v) = v and X =
[z1, 22, x3]. Then

1 U v

6(u’v):(1+u+v’ 1+u+v 14+u+v

is the basic curve of z1, 22,23 and let K = co R(83). Since the range of g is not
finite, the sublattice Z generated by x1,x2, 3 is an infinite-dimensional subspace
of C(€), Theorem 3.7. In this example we can also show that Z is dense in C'(2)
because Z is a sublattice of C(Q) and Z contains the constant functions.

), (u,v) € Q,
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FIGURE 1

In order to study the existence of minimal lattice-subspaces we study whether
the set K is a polytope of R3. To this end suppose that K is a polytope. Then by
Theorem 3.8, K has at least three vertices and let 3(ty) be a vertex of K. Then ¢,
is also a vertex of €2 because in the contrary case ty will be an interior point of a line
segment parallel to an axis of R?; therefore, and by the previous corollary, at least
one of the partial derivatives of 3 at tg will be equal to zero, contradiction. Hence
the points P; = 3(0,0) = (1,0,0), P, = $(1,0) = (1/2,1/2,0), P; = (5(0,1) =
(1/2,0,1/2) and Py = B(1,1) = (1/3,1/3,1/3) define the set of possible vertices
of K. Let D = co{Py, Py, P3, P4}. From the above remarks we have that K is a
polytope if and only if K = D or equivalently if R(8) C D. It is easy to show that

4
6(U7’L)) = Zﬁl(ua U) Pi7
i=1

where £ € C(Q), &(u,v) = 2(5 — &(u,0)), &(u,v) = 2(525 — &(u,v))
and & (u,v) = 3(?_‘:5;1) + & (u,v)).

Since B(u,v) and the points P; belong to the plane (1) + z(2) + z(3) = 1 of R?
we have that Z?Zl &i(u,v) = 1. If E(u,v) = 1;”;;:}’ and if we put & = £T, then
the functions &;, i = 1,2,3,4, are positive and continuous; therefore R(3) C D.
Hence K is a polytope with vertices P;, i = 1,2,3,4, and the three first of them
are linearly independent. By Theorem 3.10,

Y = [131,1132,21337134],

where z4(u,v) = &4(u,v) ||7(u,v)]l1 = 3(1 —u —v)T, is a minimal lattice-subspace
containing 1, x2, T3.
A positive basis {b1, b2, b3, bs} of Y is given by the formula

(blab27b3ab4)T = A_l (x17x27$37$4>T3
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where A is the 4 x 4 matrix with columns the vectors R; = ||I\]>I4:||1’ i =1,2,3,4,
and M1 = (Pl,O) = (1707070), M2 = (PQ,O) = (1/2,1/270,0), M3 = (P3,0) =
(1/2,0,1/2,0), My = (Py,e1) =(1/3,1/3,1/3,1).

After the computations we get

bi(u,v) = xl—xg—xg—l—%u:{(l)_u_v IZiziiz
e = am-dm{ B, [202S)
e = am-da-{Bn ) [2ris
by(u,v) = 2$4:{g(u+v—l) IZizii’ (Figure 1).

(iii) Let Q = {(u,v) € R?[u? +v% < 1} and let z;, i = 1,2, 3, be the functions of
the previous example. Suppose that K is a polytope and [(tg) a vertex of K. As
before we have that ¢, € 9(Q) and let tyg = (cosf,sinfy). Then by the corollary
we have ¢/'(6y) = 0 where ¢(0) = [(cos,sinf). This is a contradiction because
@'(0) # 0 for each 0. Therefore a finite-dimensional lattice-subspace containing the
functions z; does not exist.

To study subspaces of R!, [ > 1, suppose that Q = {1,2,... ,1}. Then C(Q) = R/,
z; = (zi(1),2i(2),...,2(1), i=1,2,...,n,

are linearly independent, positive elements of R and

X =[x1,29,... ,2y).
The curve r and the basic curve 8 of the vectors z;, i« = 1,2,...,n, are the
functions:
r(i) = (21(i), 22(i), ... ;2 (i)), i=1,2,...,1,
and

8() = ﬁ for each i with [|r(i)[|s # 0.

Let m be the cardinal number of R(S). Then m < [ and by Lemma 3.4, n < m;
therefore n < m < [. Let K be the convex hull of R(3). Then K, as the convex
hull of a finite subset of R™, is a polytope with d vertices. It is clear that

n<d<m<lI
and that each vertex of K belongs to R(5). Let
R(B) ={P,Ps,...,P,}

be an enumeration of R(/) such that:

(i) the vectors P;, i =1,2,...,n, are linearly independent and
(ii) the points P;, i =1,2,...,d, are the vertices of K.

As an application of Theorems 3.6, 3.3, 3.7 and 3.10 we obtain the following:

Theorem 3.19 (The case of R!). Suppose that Q2 = {1,2,... 1} and that the above
assumptions are satisfied. Then



4200 I. A. POLYRAKIS

(i) X is a sublattice of R! if and only if R(B) contains exactly n points (i.e.,

m=n).
(ii) X is a lattice-subspace of R! if and only if the polytope K has n vertices (i.e.,
d=n).

(iii) Let m >n. If I, = B~1(Py), and

we= Y |r@)lhen, k=n+ln+2,...,m,

i€l
then
Z=[T1, Ty Tty e v T
is the sublattice generated by x1,x2,... , T, and dim Z = m.

(iv) Let d >n. If & : D(B) - Ry, i =1,2,....d, such that Zle &() =1 and
B() = Zle & () P; for each j € D(B), and xpyi, i =1,2,...,d—n, are the
following vectors of R!:

T = Y Ears() PGl e,

jeD(B)
then
Y= [xla"' y Lns Tntly .- - 7$d]
is a minimal lattice-subspace of R! containing x1,xa, ... ,z, and dimY = d.

In the following result €2 is again a compact, Hausdorff, topological space.

Theorem 3.20. Let K = coR(5) and let L be the set of finite-dimensional mini-
mal lattice-subspaces of C'(Q) containing x1,x2,... ,2,. Then the following state-
ments are equivalent:

(i) K is a polytope with m vertices.
(i) L#0 and dimY =m, for each Y € L.
(iii) L # 0.

Proof. Suppose that (i) is true. Then by Theorem 3.10, there exists Y € L with
dimY = m. Suppose that Z € L and {b1,bq,... ,b;} is a positive basis of Z. Let

l
mizz/\ijbj, i=1,2,...,n,
j=1

n

O'j:Z)\ij, _7.:1,27...717
i=1

o ={j|o;#0} and

1
P=— (A1is A2iy - s Ani), 1€ .

i

Then by Theorem 3.8 P; € K for each ¢ € ® and the vertices of K are among the
points P;,i € ®; therefore there exist i1,49,... %, € ® such that Py, Py, ..., P,
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are the vertices of K. Alson <m <1[. Let T : Z — R! such that T(Z:li:1 &ibi) =
22:1 &e; and let y; = T(x;), i =1,2,...,n. The basic curve b of y1,y2, ..., yn is:
1
b(i) = — (Mis A2is oo 5 Ani)y, 1 €D,
o

with range
R(b)={P; |ic ®}.
So R(b) is a subset of K containing the vertices of K; therefore
K = coR(b).

Hence co R(b) is a polytope with vertices Py, Pa, ... , Pim. By the previous theo-
rem, there exists an m-dimensional lattice-subspace F of R! containing y1, s, ... ,
Yn. If G = T7(F), then G is a lattice-subspace of Z and therefore also of C(Q2)
containing x1,xs, ... ,&,. Since Z is minimal, we have that G = Z, and therefore
dim Z = dim F' = m. Hence we have shown that (i) = (ii).

Suppose now that the statement (ii) is true. Let Y € L and K = co W Then
by Theorem 3.8, K is a polytope with k vertices and

n<k<m.

By Theorem 3.10 there exists Z € L with dim Z = k. By our assumption we have
that k = m; therefore K has m vertices. Hence (ii) = (i).
Also (ii) = (iii) and (iii) = (i) by Theorem 3.8. |

In the following example we construct the sublattice Z generated by a four-
dimensional subspace X of R” as well as two minimal lattice-subspaces ¥ and Y’
which contain X. It is remarkable that Y N'Y” is not a lattice-subspace as well as
that both Y and Y’ are not subspaces of Z.

Example 3.21. Let

= (1,2,1,0,1,1,4),
22 = (0,1,1,1,1,0,2),
s = (2,1,0,1,1,1,2),
s = (1,0,1,1,1,0,0),

and let X = [x1,x9,x3,x4]. Let r be the curve and § the basic curve of x;, i =
1,2,3,4. Then r(1) = (1,0,2,1), 7(2) = (2,1,1,0), r(3) = (1,1,0,1), r(4) =
0,1,1,1), 7(5) = (1,1,1,1), 7(6) = (1,0,1,0), r(7) = (4,2,2,0) and B(1) =
%(1707271)7 B(2) = p(7) = %(271717())7 5(3) = %(1717071)7 B4) = %(0717171>7
B(5) = $(1,1,1,1), B(6) = 1(1,0,1,0). In order to enumerate R(f3) as in Theo-
rem 3.19 we remark the following:

(i) The vectors P, = 3(4), P» = (1), Ps = 3(6) and P, = [(3) are linearly
independent.

(ii) Let 8(2) = Ps. Then it is easy to show that for any proper subset ® of
{Pl,Pg,Pg,P4,P5}, cod 75 CO{Pl,PQ,Pg,P4,P5} = K; therefore 131', 1 =
1,2,3,4,5, are vertices of the polytope K.

(iii) It is easy also to show that

50 3(1-9)

(10) 5(5):MP1+9P2+1_ P +

P, +0P;s.
3 1 3 4+ 015
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Hence for any 6 € [0, %] the vector Ps = ((5) is a convex combination of

P, i=1,2,3,4,5; therefore Ps € K.
Hence
R(ﬂ) = {P1?P27P37P45P53P6}

and in accordance with the notations of Theorem 3.19, n = 4, d = 5 and m = 6.
Since n < d, X is not a lattice-subspace and therefore also X is not a sublattice of
R7. Let Z be the sublattice of R” generated by 1, T2, T3, x4. In order to determine
Z we define the sets

Iy =71 (P5) = {2,7}, I =" (Ps) = {5}
and the vectors
x5 = [|7(2)ll1 e2 + [|7(7) 1 e7 = dez + Bez
and
xe = ||r(5)||1 e5 = 4des.
Then by the theorem
7 = [x1, %2, 23,24, Ts5, Te).
By Theorem 3.3 a positive basis {b1, ba, b3, by, b5, bg} of Z is given by the formula
(b1, b2, b3, ba, b5, b)" = A™" (21, 22, 23, 24, 75, 76) ",

where A is the 6 x 6 matrix with columns the vectors (i), ¢ = 1,2,...,6, and ~
is the basic curve of the vectors x;, ¢ = 1,2,...,6. So after the computations we
find that by = 4ey, by = 8eg + 16e7, by = 3es, by = 3ey, by = 8es and bg = 2eg.

To determine a minimal lattice-subspace define the vectors &, i = 1,2,3,4,5, of
R” such that

5 5

Z{i(j) =1 and ()= Zfi(j)Pi for each j = 1,2,...,7.

=1 =1
B =P, =57 &P, = &(1)=1 and &(1) =0for k # 2
BR)=Ps=3"_ &2 = &(2)=1 and &(2)=0fork#5
BB)=Pi=3" &B)P = £&(3)=1 and &(3) =0for k #4
BA) =P =30 &@A)P = &(4)=1 and &(4) =0fork #1
BB)=Ps =0, &B)P = &) =&G) =252, &(6) =6(5) =0,

&(5) = 1522, by (10).

B6)=Ps =37 &(6)P = &(6)=1 and &(6) =0fork #3
BT =Py =Y &MP = &(7)=1 and &(7) =0for k # 2

Define also the vector

7
Ys D &) Iriles = lIr2)ll ez +0lr(5)[1 es
j=1

= deg+4f0es, 0 € [0, 1/5]
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Suppose that § > 0 in y5 and that yf is the vector corresponding to § = 0, i.e.,
yt = 4es. Then the subspaces

Y = (21,290,253, 24,y5) and Y = [x1,22, 73,24, Y5]

are minimal lattice-subspaces containing the vectors x;. Since the vectors x1, x2, x3,
x4, Y5, yh are linearly independent, we have Y # Y’. Also X = YNY” is not a lattice-
subspace. An important remark is that the vectors ys, 35 do not belong to Z. To
show this suppose that y5 € Z. Then y; € Z, and therefore

6
Ys = Z Aib;,  with \; € Ry for each i.
i=1
This implies that Ay = 1/2 and Ay = 0, contradiction. Hence ys ¢ Z. Also yi & Z.
Therefore Y, Y’ are not subspaces of Z.
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